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Abstract

An e�cient mode-tracking method based on the modal assurance criterion (MAC) is formulated for the structural
topology optimization of maximizing the eigenfrequencies of desired modes. The present method is very e�ective in

tracing each of the desired modes correctly even when the structural topology and shape, change substantially from
the initial con®guration. The use of MAC eliminates the need for mass orthogonalization and the use of selected
nodal data enhances numerical e�ciency greatly. The penalized density function approach for topology optimization
allows an interesting interpretation in the sensitivity analysis. The use of an explicit penalty function in the objective

function is proposed, which helps suppress undesirable intermediate densities. # 1999 Elsevier Science Ltd. All
rights reserved.
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1. Introduction

Structural topology optimization has been a subject

of numerous investigations since Bendsùe and Kikuchi

[1±4] introduced a homogenization method for the op-

timal material layout problems. Successful applications

of this technique to various problems have been

reported in recent years. In the ®nite element-based

topology optimization, the element densities are used

as design parameters. An optimal density distribution

is used to determine the ®nal shape and topology of an

optimal structure, and it is desirable to have regions of

material or no material. The rigorous homogenization

technique may be used to model an element with a

hole where the density of a holey element is used as

the design variable.

For more e�cient sensitivity analysis, the element

density may be penalized between 0 (no material) and

1 (material) by an arti®cial function. The advantage of

using this penalized density function over the rigorous

homogenization-based technique is that, only the ex-

pressions for the element strain and kinetic energies

are needed for sensitivity analysis. Furthermore, this

technique allows the direct application of any commer-

cial ®nite element package in topology optimization

problems. The comparison of the density function and

the homogenization-based technique is provided by

Yang [10,11]. Bendsùe [12] examines various design

parametrization techniques which can be used e�ec-

tively for topology optimization problems.

Although many practical applications of the top-

ology optimization technique have been made in static

problems, successful applications to the vibration pro-
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blems are rather limited [5±7]. This may be attributed
to the di�culty in tracing the desired modes. As the

structural con®guration changes at each iteration step
of design optimization, the order of eigenmodes may
¯uctuate; if the objective or the constraint function is

de®ned based on the ®xed modal order, the corre-
sponding sensitivities may be discontinuous, and thus
the problem may become ill-posed. Therefore, it is

critical to keep track of the target modes accurately
during the optimization process.
Eldred et al. [8] have recently proposed a mode-

tracking method. Their approach is either to check the
mass orthogonality or to utilize the perturbed eigen-
pairs. Although their approach can trace a desired
mode quite accurately, it is ine�cient to use it in con-

junction with the topology optimization that requires
the solution of a very large system of equations.
Therefore, an e�cient and accurate mode-tracking

method needs to be developed.
In this paper, a mode-tracking method utilizing the

modal assurance criterion (MAC) is proposed. The

modal assurance criterion has been used mostly in
checking the correlation between experimental and nu-
merical mode shapes [9]. In the application of MAC to

the present mode-tracked topology optimization, we
de®ne a reference mode shape as a desired mode shape
at the initial con®guration. To track the desired mode
shape during iterations, we examine the MAC value of

each of the extracted modes of the updated structure
with respect to the reference mode. To enhance the nu-
merical e�ciency of the MAC calculation, a reduced

set of nodal data is utilized. Since no mass orthogonal-
ity is used in the calculation of MAC, substantial re-
duction in computational e�orts over the existing

technique is achieved. Furthermore, MAC is not expli-
citly used in the de®nition of the objective or the con-
straint function so that additional computational
e�ciency is gained.

Several numerical examples are used to con®rm the
validity of the present approach. They include the pro-
blem of ®nding the optimal shape and topology of a

structure with the maximized eigenfrequency of a selec-
tive eigenmode subjected to a given mass constraint.
Multi-objective problems that require tracing more

than one eigenmode are also considered.

2. Topology optimization using a density function

This section begins with the optimization problem
de®nition in which the ®nite element structural model

is used. The sensitivity analysis is then carried out in
which the advantage of the use of a density function
be easily seen.

2.1. Problem de®nition

The objective of the present problem is to ®nd an
optimal structural shape and topology, which maxi-
mizes the eigenfrequencies corresponding to the desired

mode shapes subjected to a mass constraint. The math-
ematical statement of this problem is

Minimize f � ÿ
Xm
r�1

wrlr � cp

XNe

e�1
re
ÿ
1ÿ re

� �1�

Subject to
XNe

e�1

�
Oe

redOÿM0R0 �2�

In Eq. (1), lr and wr denote the squares of the target
eigenfrequency and the corresponding weighting fac-

tors, respectively. The design variable re is the density
of the eth element and is subjected to the following
side constraint:

0RreR1, e � 1,2, . . . ,Ne �3�

where Ne is the total number of the ®nite elements

used to discretize the design domain. Eq. (2) simply
states that the total mass should be bound by a pre-
scribed mass M0.

The direct result obtained from the topology optim-
ization problem stated by Eqs. (1)±(3) is the infor-
mation on the element density distribution. Then only

the elements having higher densities than the threshold
density are used to constitute the region of material. It
is obvious that intermediate densities should be
avoided. The functional form of the density function

suppressing the intermediate densities can be selected,
but the suppression only by the functional form may
not be su�cient. Thus we add an additional explicit

penalty function in the de®nition of the objective func-
tion. The penalty term with the penalty constant cp

introduced in Eq. (1) serves to push the design vari-

ables towards either the lower or upper bound.
The optimization problem described above needs the

solution to an eigenvalue problem. Since the ®nite el-
ement discretization is used for the structural analysis,

the following matrix equation be obtained (see [13]):

KFFF � lMFFF �4�

where l and FFF are the eigenvalue and corresponding
eigenvector, respectively. The sti�ness and mass
matrices in Eq. (4) are written as follows:

K �
XNe

e�1
Ke �

XNe

e�1

�
Oe

BTCBTdO �5�
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M �
XNe

e�1
Me �

XNe

e�1
re

�
Oe

NTNdO �6�

where B and N are the strain and displacement interp-
olation matrices, respectively. The constitutive matrix
C, for a plane stress state in an isotropic material, is

C � E

1ÿ n2

0BB@
1 n 0
n 1 0

0 0
1ÿ n
2

1CCA �7�

For the present topology design optimization, only
Young's modulus is penalized as:

E � E�re � � E0rne , n � 2 �8�

where E0 is the elastic modulus of the given material.
The application of the rigorous homogenization yields

quite di�erent results, but a simple density function in
Eq. (8) works well in most design optimization pro-
blems (see [10±12]), and simpli®es the sensitivity analy-

sis substantially as shall be seen in the next section.

2.2. Sensitivity analysis

The optimization problem de®ned by Eqs. (1)±(3)
can be solved by any numerical optimization scheme.

The feasible direction method (see [14,15]), which is a
direct search method, is employed in the present nu-
merical implementation. To update the design variables
during the optimization process, the derivatives of the

objective and the constraint functions with respect to
the design variables must be provided.
Di�erentiating the objective function in Eq. (1) with

respect to the design variable re yields

@ f

@re
� ÿ

Xm
r�1

wr
@lr
@re
� cp

ÿ
1ÿ 2re

� �9�

Following the standard procedure for the sensitivity
analysis of the eigenvalues (see [15]), one may obtain

@lr
@re
� FFFT

e K 0eFFFe ÿ lrFFFT
e M 0

eFFFe

� E 0

E
FFFT

e KeFFFe ÿ 1

re
lrFFFT

e MeFFFe �10�

where ( ') denotes the derivative with respect to re. The
form of the constitutive relation expressed by Eqs. (7)

and (8) is critical in obtaining the ®rst expression in
the second line of Eq. (10). It is important to realize
that the sensitivity of the eigenvalues can be deter-

mined only by the strain and kinetic energies of the
eth element. To emphasize the signi®cance of this
result, we rewrite Eq. (10) as

@lr
@re
� 2

�
E 0

E
�strain energy�

ÿ 1

re
�kinetic energy��eth element �11�

An advantage of this result is apparent; the expression
for the sensitivity calculation of @lr=@re is limited

within an element. Another advantage is that any ®nite
element code can be incorporated directly in the pre-
sent topology optimization formulation.
The sensitivity of the constraint equation is straight-

forward to obtain

@

@re

 XNe

e�1

�
Oe

re dOÿM0

!
� @

@re

�
Oe

re dO �

�
Oe

dO �12�

From the result obtained by the above equation, it is
seen that the sensitivity of the constraint equation is

simply the area of the eth element.

3. MAC-based mode-tracking

As the goal of the present design optimization is to

®nd a structure with the maximized eigenfrequencies
associated with speci®c target modes, an e�cient and
accurate mode-tracking strategy is essential. To keep

track of the target modes, a mode-tracking method uti-
lizing the MAC is proposed. The modal assurance cri-
terion has been extensively used in the experimental
modal analysis. The de®nition of MAC is (see [9])

MAC�FFFa,FFFb � �
��FFFT

aFFFb

��2ÿ
FFFT

aFFFa

�ÿ
FFFT

bFFFb

� �13�

where FFFa and FFFb represent two mode shape vectors of
interest. The value of MAC varies between 0 and 1.

When the MAC value is equal to 1, the two vectors FFFa

and FFFb represent exactly the same mode shape.
An advantage of using MAC over the existing

mode-tracking technique is the substantial reduction in
computation as no mass orthogonality is used.
Furthermore, the MAC values can be calculated satis-
factorily even with substantially reduced nodal data.

This additional gain in the numerical e�ciency can not
be overlooked as structural topology optimization gen-
erally requires ®ne meshing.

Another critical strategy in the present formulation
is that the mode-tracking procedure is not im-
plemented in the form of either the objective or con-

straint function. Using the values of MAC, the desired
modes are selected ®rst, then the sensitivity analysis is
carried out on the selected modes. To this end, several
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eigenvectors representing the mode shapes, obtained at

each iteration step of the optimization process, are
compared with the reference mode shape vector FFFref ,
which is the corresponding mode vector determined at

the initial con®guration. Then the eigenvector having
the MAC value closest to 1 with respect to FFFref is
selected as the objective mode FFFobj. This may be stated
as

FFFobj � FFFk such that max
k

�
MAC�FFFref ,FFFk �

�
,

k � 1,2, . . . ,Nm

�14�

where Nm is the number of modes to be checked. Fig.
1 shows the present mode-tracking scheme. It is also

remarked that the reference mode shape vector may be
updated when the con®guration and shape change is
substantial during iterations. Fig. 2 outlines the present

optimization procedure.

4. Numerical examples

4.1. Simply supported beam optimization

The topology optimization of a simply supported
beam shown in Fig. 3 is considered as the ®rst
example. For reference, the ®rst four mode shapes of

the initially con®gured uniform beam are shown in
Fig. 4. A non-uniform density distribution resulting
from the topology optimization may alter the modal

order. The objective in this problem is to ®nd optimal
structures maximizing single or multiple eigenfrequen-

Fig. 1. Schematic view of the MAC-based mode-tracking

method.

Fig. 2. Overall optimization procedure with the present mode-

tracking scheme.

Fig. 3. Con®guration of the design domain.

Fig. 4. Mode shapes of the ®rst four modes at the initial uni-

form state.

T.S. Kim, Y.Y. Kim / Computers and Structures 74 (2000) 375±383378



cies. In order to keep track of a target mode, the pre-

sent MAC-based mode-tracking strategy is applied.

The optimized results are given in Figs. 5 and 6.

Fig. 5 shows the optimization results with the 50%

mass reduction constraint, where the threshold density

(r � 0:5) is used for post-processing. It is noted that

no modal order ¯uctuation has occurred when bending

mode 1 is traced. Although the modal order ¯uctu-

ations are noticeable when higher modes are traced,

the present mode-tracking scheme is e�ective in desired

mode-tracking. Table 1 summarizes the frequencies

and modal orders before and after the optimization.

The values of MAC, listed in Table 1, are quite satis-

factory. If all of the listed values of MAC are too

small, then the reference mode updating may be

needed.

Fig. 6 shows the result for the multi-objective pro-

blem and Table 2 summarizes the numerical values for

the optimized results. In order to balance the modal

contribution in the multi-objective problem, the

weighting factors in the de®nition of the objective

functions are based on the ratios of the squares of

eigenfrequencies of interest. Similar modal order

changes are observed as in the previous cases. It is

Fig. 5. Optimized con®guration and frequency history in the case of the single-objective optimization problem: (a) bending mode 1

(lb1), (b) bending mode 2 (lb2) and (c) bending mode 3 (lb3).

T.S. Kim, Y.Y. Kim / Computers and Structures 74 (2000) 375±383 379



worth comparing the beam con®gurations shown in
Fig. 5 and those in Fig. 6; the optimized structures
shown in Fig. 6 may be predicted from the results

obtained in Fig. 5.

4.2. Three-dimensional beam optimization

Fig. 7 shows a three-dimensional cantilever beam
with a rigid mass attached at its end, which may simu-

late an optical actuation suspension system. The ®rst

four modes of a solid beam are shown in Fig. 8. An

important design consideration is to push the torsional

frequency as high as possible (see [16]) while satisfying

other design constraints. A simpli®ed test problem in

the actuation suspension design may be a problem of

maximizing the torsional eigenfrequency of the cantile-

ver beam with the 50% mass reduction constraint.

The shape of the optimized beam, which is obtained

Fig. 6. Optimized con®guration and frequency history in the case of the multi-objective optimization problem: (a) bending modes 1

and 2 (10lb1 � lb2), (b) bending modes 2 and 3 (3lb2 � lb3) and (c) bending mode 3 and 1 (lb3 � 36lb1).
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Table 1

Optimized results for the single-objective problem

Mode Initial Objective mode

Bending mode 1 Bending mode 2 Bending mode 3

Bending mode 1

Frequency (Hz) 16.942 48.253 27.821 26.427

Modal order 1 1 1 1

MAC 1.000 0.990 0.985 0.989

Bending mode 2

Frequency (Hz) 57.158 61.025 214.835 74.379

Modal order 2 2 5 2

MAC 1.000 0.960 0.643 0.852

Bending mode 3

Frequency (Hz) 105.649 156.197 259.955 340.751

Modal order 4 5 7 11

MAC 1.000 0.906 0.710 0.654

Table 2

Optimized results for the multi-objective problem

Mode Initial Objective mode

Bending modes 1 and 2 Bending modes 2 and 3 Bending modes 3 and 1

Bending mode 1

Frequency (Hz) 16.942 50.508 35.964 46.238

Modal order 1 1 1 1

MAC 1.000 0.997 0.983 0.994

Bending mode 2

Frequency (Hz) 57.158 174.531 119.766 99.482

Modal order 2 2 3 2

MAC 1.000 0.994 0.682 0.876

Bending mode 3

Frequency (Hz) 105.649 249.167 251.677 299.840

Modal order 4 4 6 6

MAC 1.000 0.961 0.842 0.896

Fig. 7. Con®guration of the solid cantilever beam with a rigid mass attached at its end.

T.S. Kim, Y.Y. Kim / Computers and Structures 74 (2000) 375±383 381



from the present optimization, is shown in Fig. 9. The
numerical results are given in Table 3. The objective
frequency is increased substantially in this example,

but the modal order of the torsional mode is not chan-
ged. The obtained result indeed con®rms the well-
known fact that hollow shafts are the most e�ective in
resisting torsion.

5. Conclusions

A new mode-tracking method based on the modal
assurance criterion is proposed for e�cient topology

optimization. Numerical results have con®rmed that
this method ensures that the desired mode is correctly
traced even when the optimized topology and shape
di�er substantially from the initial con®guration.

Numerical e�ciency was enhanced as the mass ortho-
gonalization is avoided in the MAC-based formulation
and as only a selected set of nodal data is used for the

evaluation of the MAC values. The advantage of the
explicit use of a penalty term is also addressed in sup-
pressing unwanted intermediate values of element den-

sities.

Fig. 8. Mode shapes of the ®rst four modes at the initial uni-

form state.

Fig. 9. Optimized con®guration and frequency history for the three-dimensional cantilever beam.

Table 3

Optimized results for the case of maximizing the torsional fre-

quency of a three-dimensional cantilever beam

Mode Initial Final

Vertical bending

Frequency (Hz) 6.581 35.21

Modal order 1 1

MAC 1.0000 1.000

Horizontal bending

Frequency (Hz) 8.077 41.92

Modal order 2 2

MAC 1.0000 1.000

Torsional mode

Frequency (Hz) 28.67 143.4

Modal order 3 3

MAC 1.0000 0.997
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